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1 Introduction 



It is well known that the quantization methods for gauge theories in Lagrangian and 
Hamiltonian formalisms can be generalized to include ghost and antighost variables in 
a symmetric way |p|-||10|| . In that case two nilpotent (BRST and anti-BRST) charges 
appears. Ghost and antighost variables, BRST and anti-BRST charges and the pair of 
equations for the effective action form Sp(2) doublets. In the formal proof of the 

existence of a solution to the Sp(2) master equation and description of the arbitrariness 
of solutions were given. In those papers, however, the locality of the effective action was 
assumed as a hypothesis. In |TI|| , the existence of a local solution to the Sp(2) master 



equation was demonstrated by using the Hamiltonian Sp(2) formalism in the case of finite 
number of degrees of freedom (it was shown also that the Lagrangian and Hamiltonian 
Sp{2) formalisms are equivalent). 

In the present paper, we shall prove the existence of a local solution to the Sp{2) 
master equation in the field theory. For the standard master equation of the BV formalism 
the existence of a local solution, the structure of renormalization, anomalies and related 
questions have been discussed in literature (see ||12| , [ |T3|j , p^j and references therein). The 



method for solving the locality problem is based on considering instead of equations for 
functionals, equations for corresponding functions on spaces, which have the fields and 
their finite order derivatives in an arbitrary spacetime point as coordinates (jet-spaces 
T~5f] ) . We apply these scheme to the Sp(2) master equation. In sec. 2 preliminary of 



the problem and assumptions on regularity of the action are given. In sec. 3 we give 
the proof of the existence of a local solution to the Sp{2) master equation. In sec. 4 we 
discuss the arbitrariness of solutions of the equations and show, under some restrictions 
on the structure of the solution in the first order in the ghost and gauge introducing 
fields, that the arbitrariness of solutions is described by special transformations (gauge 
transformations), which do not change the physical contents of the theory. It is also 
shown that, under some additional assumptions on gauge generators, there exist Sp(2) 
symmetric and Lorentz invariant solutions to the Sp(2) master equation. 

In what follows designates the total derivative with respect to x^, = <9 /tl • ■ • d^ k , 

Mfe = ■ ■ -D^ k . By a local finite order differential operator (LFODO), we mean 
the following 

n 
fc=0 

where g^-^ are functions of x M , of the field variables and their finite order derivatives, 
n is a finite number. Transposed LFODO M T * J relative to M is defined as 

(M Tl Vi)^ - = dtf", (M-y = (M T )~\ (M T ) T = {-lf^MV, 

e(^) = e h e(M ij ) =e t + e 3 

with arbitrary functions tpi, ipi and local functions j^. All considerations are performed in 
the framework of perturbation theory, i.e., in terms of formal power series in field variables 
and their derivatives. Throughout this article all functions can depend explicitly on x M , 
unless otherwise is stated. 
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2 Preliminary of the problem 

In this section we shall discuss the formulation of the problem and assumptions under 
which it will be solved. The full set of variables r s is divided into the groups &* Aa , §a, 
a,b,c = 1,2. The variables $ A are $ A = (ip\C ab ,B a ), where (p l are variables of the 
classical theory, while C ab and B a are respectively ghost, antighost and gauge introducing 
fields. All variables are ascribed by the Grassman parity e(& A ) = e(& A ) — £a, e (&*Aa) = 
e A + 1, e(B a ) = e a , e{C ab ) = e a + 1 and the new ghost number ngh: ngh(yj) = 0, 
ngh(C 6 ) = 1, ngh(5) = 2, ngh(<5) = -2 - ngh($), ngh($*) = -1 - ngh($), ngh(FM) = 
ngh(F) +ngh(M). Moreover, the fields (p\ B a ,(pi, B a form Sp(2) singlets. C ab and ip* a , 
B^ a , C aa form respectively Sp{2) doublets and antidoublets, C* b ^ a transforms as a product 
of Sp(2) antidoublets. In the Sp{2) formalism the effective action S(&, $*, 5>) satisfies the 
Sp{2) master equation 



^-(S, S) a + [ dxE ab $ Ab -Ls = 0, e ab = -e ba , e ab e bc = 6 c a , e 12 = e 21 = 1, 
2 J o$/i 
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and the boundary condition 



In (|^), (, ) a denotes the doublet of antibrackets 

where S(ip) is the original classical action, which has a gauge symmetry: R l a 8S/S(pi = 0. 
It is assumed that the effective action conserves ngh, has zero Grassman parity and forms 
Sp(2) singlet. Equation ([I]) will be solved in the framework of perturbation theory in 
fields C ab and B a : 

S = S + J2S k , S k ~ C l B m , l + m = k. 

k=l 

Let us assume that the terms Sk, are proved to exist for k = l,...,n, that is, equation 
(|I]) is satisfied in orders C l B k ~ l , k < n. In the (n + l)th order in fields C ab and B a , we 
obtain equation for S n+ i. 

1 " 
W a S n+ i = F* +1 , F® +1 = --z(S[ n ], Si n ])n +1 , Si n ] = S + Sk, (2) 

z k=i 

where (see next Sec): 

{-iTh-— - __ + {{-irK^ + e cb C* ab]c )-— 

d Vta 6L ab\a 6B aa 

5 „,,_,. 5 \ 



-iy°e ab B a —— + e ab <5> Ab - T 
' 5C ab Ab 5§ 



A , 
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Li(x) = 6S/6ipi(x). 
The operators W a are nilpotent, i.e., 

W a W b + W b W a = 0. 

W a and F£ +1 form Sp(2) doublets. The Jacobi identity for doublet of antibrackets or 
explicit form of F£ +1 implies the consistency condition 

W a F b +1 + W b F: +1 = 0, (3) 

for equation (Q). One can see that 

F: +1 = W a Y n+1 (4) 

is a solution to equation (|3|). If this is the general solution we may choose F n+1 as 
We shall show, that under some assumptions formulated below the general solution to 
equation (|3|) indeed has the form The main difficulty in solving equation (f|) is to 
obtain a solution belonging to the class of local functionals, i. e., the functionals Sk 
should have the form Sk = J dxSkiT 11 , d^T 12 , ...). Consequently, F£ +1 will be F^ +1 = 
J ^/ n 1 + i(r s , ^r s , •••) Q- The operators W a on arbitrary local functions are: 



W a Z = J dxw^iY^.d^,...) 



k=0 u \ u Vl-IJ.kr l ia) k=0 u \ u ^i--^k^ab\a) 



ab]c ' d{d^ k Bl a ) 1 ; to m "'" fe Wn-.n.C'*y 

r ab \ " a * ^ |_ ab \ " a R * ^ , ab \ " a aw ^ 

W -" W ^«(«Mx...^i) fro Q6 ^,.. MfeJ B Q ) +£ to Hb ^ 1 .., fc C ac )' 

(5) 

all quantities in fl5|) are taken in an arbitrary fixed spacetime point x M . The operators w a 
and commute: 

w a w b + w b w a = [D„ w a ] = [Dp, D„] = 0. 
Equation (H) in terms of nonintegrated densities is 

w a f b n+1 + w b r n+l = D,f n % (6) 

where = j n t +i(r s , <9 At r s , ...) are functions of T E and their derivatives up to finite order. 
To solve equation (H), it is helpful to introduce operators j a , which contain derivatives 
d/dLi, d / d(R l a ip* ia ) . To make the introducing of such operators possible we make the 
standard assumptions on the structure of the action S and of the gauge generators R l a , 
which we will call the regularity assumptions of the theory. 

1 The functions Sk and are denned up to a total derivative. 
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1. Gauge transformation generators are LFODO's: 



fViM2-Mfc ) k = 0, ...,t, are functions of the classical fields and their derivatives up to finite 
order, e(R i a ) = e(r% lt *'"i H ) = e { + e a . 

2. Generators R l a form an irreducible set in the sense, that any LFODO A 1 , satisfying 
the equation 

A* Li = 0, 



has the form 



A* = m a R a + M%, M ij Aj = '/''" | -"' J " -"<l l ^,^\j<) l r 



m 



where m Q are LFODO's, ^vi-wi^i---^ are functions of T s and of their derivatives up to 
a finite order. Furthermore, equations R T ^n a = have the only solution n a = 0. 

3. Let us consider the space Ji(<p) (jet space) with coordinates tpi = d^ip 1 , d^-.-.d^ip 1 
. Given set of functions Lq = (Li, D^Li, D^,, ^ L^, Q = (i, iv\, ...,iv\...v ai ), such that 
the order of the highest derivatives of fields ip l occurring in this set is equal to I. There 
exist constraints among the functions Lq 

R a U = 0, Dp (R^) = 0, D^ H {R a U) = 0, (8) 

where s\ is chosen from the condition that the highest derivatives of fields tp l occurring in 
this set be equal to I Let us rewrite the constraints in the form 

R-dLq = Rr>Li + R% L D i = 0, 

where D = (a, avi, avi...v ai ), R^ and R^ are matrices, depending on ipi. We assume 
that for any I the set Lq can be divided into sets of independent functions Li ([Lj] 
designates the number of Lj) 



rank — — 
\d<pi 



= \Li 

l q =o 



and dependent ones Ld 1 , Rd being a nonsingular matrix. 

In sections 3 and 4 we will show that under the regularity assumptions of the theory 
the Sp(2) master equation has a local solution. 

2 In (§), Ri are given by (@), with ► D^. 

3 In general, si and t depend on i and a respectively. In the present paper, we omit these nonessential 
questions. 
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3 The existence of a local solution 

One can check that the functional 

S 1 = Jdx (C aa R^* a + e ab C* ab{a B a + (9) 

is a solution to the Sp(2) master equation in the first order in C ab , B a . Let us investigate 
the structure of the general solution to equation (|]). All functions Sk, k < n contain 
derivatives of T s up to a finite order. Consequently, the functions also contain 
finite order derivatives of T s . We choose the jet space J(z)(T E ) = Ji((p) ® Ji c (C) ® •••> 
l v i = l<p = <Ti,Ib> = h* b]a = h = h a = s t ,lc = h in such a way that f% +1 , w a f b +1 , 
jj^j^ab ^ e defined on n Note, that if we restrict ourselves to the operators w a and as 
only acting on functions defined on J(z)(T s ), then all sums in expressions (|5|) and (||) are 
finite. Of course, jet spaces are defined ambiguously: if a set (I) is admissible, then any 
other set (I'), I' > I, l' c > lc, ■■■ is admissible, too. 
The operators w a acting on J(/)(r E ) are 

™ a = {-l) ei Ll-^-+(-l)^Ljy ^| (-l) £D ^Q b7 ^ + ((-l) £Q ^Q+^ c|fe ) 



Da 



After the change of variables 

(Via, <P*D>a) - (tf., = ^Qa), ^0 - (^1, = (-1)^ + ^C^) 



with the rest of the variables left unchanged, the operators w a take the form (the primer 
is omitted) 

Bm dB D ( 1} h ^ 4lk did^c^y 

Next, we introduce the operators 

d d d d 

la = (-l) £l <p* Ia — - Sab^ij—r - {-^Co^j— - e ab C Dc — 



Dc\b 



^DaTTZ ZabBo- 



l d(p D "dB* m 
Simple calculations give the following relations 

7a7fe + 7fe7a = 0, w a lh + lb w a = 5 a b N, w a N = Nw a , j a N = Nj a , 

N=Ll ^r I + + *«Wq + B * Db dkb + Chbla d^ a + B °^k + ° Dc dk~ c - 
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D\ can be written as D\ = D\ + D\, 

d d 
[w a , D\] = [ 7a , D A ] = [iV, L> A ] = 0, [u> a , D\] = [N, D\] = 0, [ 7a , £> A ] ^ 0. 



Consider equation To solve it we apply the method used in [[Uj] for the standard 
formalism. Let us expand f^ +l and according to the total number of derivatives of 
the fields C aa and B a : 

V m 
ra _ Ak)a -Xab _ -{k)Xah n Ak)a _ , Ak)a n -(k)\ab _ ,-(k)\ab 

Jn+1 ~ / j Jn+1 ) Jn+1 ~ Z^i Jn+1 ) 1J J n+1 ~~ "Vn+1) ^Jn+l ~ h Jn+l ) 
k=0 k=0 

d d 

where p and m are finite numbers. It is obvious that m can be put equal to p — 1 [0 . It 
follows from @ that 

,„a f 0)6 i „„& f (p)o _ f. .(p-l)Aafe /.^ 
W /n+1 + w Jn+1 - ^XJn+l • l iU J 

After applying the results of Appendix 1 to equation (|T0|) , we have: 



Aj2 f (p)a _ ,.,o„(p) I n .-(P- 1 )^ ,.(P) _ / 3 a r 1 .,,c\ f (p) b 
^ Jn+1 - w Un+1 + U \3n+1 ) Vn+1 ~ {2^ ~ 2^ W ) 7b Jn+1) 



Jn+1 — V3 JV 6' cW J lbJn+1 



Since ngh{f!^)—l^ = 0(C l B n+1 n > 1, the functions /^:" contain antifields 



$*, $, hence 



f&0« _ „.a ( J_ GO A , fW J_ -(p-l)Aa 
'n+1 - W [ N 2 y n+l J + U ^ \ N 2 J n+l 



ml = ™ a ( ir,vZi ) + D X ( ^ 

Then, let us write as 

f a - w a ( —v {p) \+dJ —jb-^A + ft 

Jn+1 - w [TpVn+l J + u \ yjp3n+l J + Jn 

Obviously, fn+i^ also obey (|6|), and the highest summary derivatives of C aa and B a 
in fn+i is equal to p — 1. Going in the same way and taking into account that 
fn+i\c aa =B a =o = 0, we arrive at 

f: +1 = w a y n+1 + Dxj^+n F^ +1 = W a J dxy n+1 = W a Y n+1 

where y n+ i and j^+i are some functions. In Appendix 2 we show that, under additional 
assumptions the functions y n +i can be chosen as Sp(2) and Lorentz scalars . Taking 
S n+ i =Y n+ i, we can see that the Sp(2) master equation is satisfied up to n+1 order. 
Accordingly, the existence of a local solution conserving the Sp(2) symmetry is proven. 



P [p-l]a 
'n+1 • 
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4 The arbitrariness of solutions of the Sp(2) master 
equation 

In this section we study the arbitrariness of solutions to the Sp(2) master equation. 
Before doing that, let us introduce a set of operators which we will call the gauge (G) 
transformations: 

K = ex P lj:e ab [A b ,[A a ,F]] + -\, (12) 



x v 8 5 



where 

F = Yl hnF m F n = [ dxF, 

n=0 

pSi...s n are functions of T s and of their finite order derivatives, 



A a = I dx(-l) £A — + / dx-e ah <& 



the symbol :...: means that all functionals like 6(0) must be set equal to zero Q. 
G transformations have the following properties: 

1. A product of G transformations is a G transformation. 

2. Given a functional S^r 2 ), we construct the functional 5"(r s ) in accordance with 
the rule 

K exp 



exp 



I s ' 



(13) 



If S is a local functional, then S' also is a local functional; if S does not depend on h, 
then 5" has the same property; if S satisfies the Sp(2) master equation, then S' satisfies 
the Sp(2) master equation. Two functionals S and S' are called gauge equivalent if they 
are related by fll3|) . In || it is shown that G transformations do not change the physical 
contents of the theory. Let us proceed by studying the general solution to the Sp{2) 
master equation in first order on C aa , B a . The general form of the functional, that is first 
order in C aa , B a , conserves ngh and is Sp(2) a scalar is 

S 1 = Jdx (c aa A^* a + e ab B?A%C* ab]a (-iye + ITA^(-l)^ + l -e ab B a k^) b vt 



where A^,A^,A^ are LFODO's, 



(14) 

A ij A f>. — \ W-Mfc|i^l-^« A p) R 



k,l 



X^-^jvi-vi being functions, depending on ip l and their finite order derivatives. The G 
transformation on S with F = —(—l) £, ifiifjA^B a removes the term ^<p* a ip* b e al } K % iB a from 

The Sp{2) master equation for (|i~4l) leads to 



4 Correct definition of operators like ( |l2| ) and their properties will be given in ]l7| . 

5 In jjj, it was postulated that = 0. In fact, we see, that can be removed by a G transformation. 
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Due to the regularity assumptions one has: 

k,l 

where are LFODO's. The expression C aa M^ Lj(p* a can be compensated by the G 
transformation with F = (l/2)C aa M^(p* a <fij. Note, that S \$* = $ a= q is a solution to the 
master equation. We suppose that it is a proper solution, i.e. the equations 

m Ta C /3a = ^ ^TagP = q 

have only trivial solutions, hence there exist LFODO's m~ lf3 , A~ 1/3 . After the change of 
variables 

c , aa = { _ ir ^e 0m Ta C pa^ C'^ = m^C^, C' aa = m^C^ B' a =ml a ^B\-\r 

B': a = A-^m^B; a , B' a = A^m-^B, 

(which conserves the Sp(2) master equation and can be represented as a G transformation) 
we transform Si to the form ([|). 

Given two solutions S and S' to the Sp(2) master equation ([[]) with the same boundary 
condition S((p), we suppose that they are G equivalent up to order n. Performing the G 
transformation on S', we can write 

S[n] — S^\, S n+1 = S n+ i + AS n+ i 

where Si is given by Then AS n+ i satisfies the equation W a AS n+ i = or w a As n+ i = 
Dfijn+i- From the results of section 2 and Appendix 1, we conclude that: 

AS n+1 = W 2 W l X n+l . 

AS n+1 can be removed by applying the G transformation to S with F = X n+1 . Applying 
the induction method, we conclude that the general local solution to the Sp(2) master 
equation, conserving Sp(2) symmetry and ngh can be represented in the form 

exp (Is) = exp 1 1 : e ab [A\ [A a , X}} + : j exp (~S C ) , 

where S c is a special solution. 
Acknowledgements 

The work of S. S. S. is supported by Russian Foundation for Basic Researches under 
the Grant 96-02-17314 and by Human Capital and Nobility Program of the European 
Community under the Projects INTAS 96-0308. I.T. is partially supported by Russian 
Foundation for Basic Researches under the Grant 96-01-00482 and by Human Capital and 
Nobility Program of the European Community under the Project RFBR-INTAS -95829. 



9 



Appendix 1 

Here we show how equation ( |IDD may be solved. 

Let the operators w a , j a , N and d define an algebra: 

w a w b + w b w a = 0, lalb + lbla = 0, w a lb + lb w a = SIN, [w a , d] = [j a , d] = 0. 
Consider equation 

w a f = dj a . 

By using the algebra we have 

N 2 f = N{w 2 ll f+d ll f) = dN l2 ] 2 +w 2 w 1 ll -i 2 f+dw 2 -i 2ll ] 1 = w 2 w 1 ~f 1 -f 2 f+d (-(N + j a w a )j b j l 



or 



N 2 f = w 2 w l y + dj 



Now, consider the equation 



i+i 



en fa 1 ...tf i ...ai + \ _ c ^-oi...a !+1 



(15) 



for the function f ai --- a \ symmetric in its indices aj. Multiplying (O) by w b e bat+1 and 7 a;+1 , 
we arrive at 

{I + 2)w 2 w 1 f ai - ai = dw c e cb j ai - a ' b (16) 

and 

i 

%w bf ai ... ai + lN fai... ai _J2w a > ( 76 /«i-»<*~«i&) = ( 76 j 01 - ' 6 ) (17) 

i=i 

respectively. After multiplying (|17D by 7 c u; c and taking into account the expressions 

•y c w c 'j b w b = N^ b w b + 2ji'j 2 w 2 w 1 , •y c w c w a = w a (j c w c - N), 

we have 



(l+l)N lc w c r- a ' =Y,™ a * \(lcw c - N) lb f 



pai...^i...aib 



+d 



i=l 



-^—lcw c + T^—N) j b j ai - aib 
1+2' 1+2 J 1 J 

(18)" 

where in derivation of (^) use has been made of the equality r yij 2 w b e bc = ( r y b w b — N)j c . 
Substituting (|18|) into dl7|) , we obtain 



l(l+l)N 2 f ai - a > = E w<li W + 2)^ - lcW c )lbf ai " 4i - aih ] +d 



i=l 



N 



I 



'1(1 + 3) 



1+2 1+2 



l c w c \l h f 1 - aib 



(19) 



or 



jy2yai...a ; _ w a, i ya,\...qt i ...a l _|_ ^-ai.-.a; 



8=1 



Thus, (0) follows from (0) with Z = 1, d -> D^, j a -> j a ^. 
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Appendix 2 

Here we show that the functionals Y n can be chosen Sp(2) and (under additional assump- 



tions) Lorentz scalars. We closely follow JT2[ in our arguments . 



Let T a be transformation generators of the fields r s , defining a semi-simple algebra 
g. Let the action of T a on any local functional A = J dxa be: 

T a A = [ dxt a a, (20) 



+o _ j-cr Ml— MfeS' o pS ^ /oi\ 

fc=o u \yv\...u k i - ) 



where t'nJ^'"^^ Vk are constant matrices, t a define the same algebra g and 

[t°, w a ] = r™w\ [t°, w 2 w 1 } = 0, [t°, = a™D U) (22) 
with constant matrices r§ a , off . Next, we consider the functionals 

pa = W a Y> y = J dxy, (23) 

obeying the conditions 

T°F a = r™F b . (24) 

From (|24]), h follows that: 

w a t°y = D^, 

with some functions jt iacr . We suppose that there exists an operator iV _1 defined on the 
functions t a y. Taking into account the results of Appendix 1, one has: 

t a y = w 2 w 1 z a + D^f u . (25) 

Every subspace of the fixed power uniform polynomials in the variables T s and their finite 
order derivatives defines a finite completely reducible representation of if ' . The expansion 
of y into irreducible representations reads 

y = yo + J2yn> 

R^O 

where yo belongs to the trivial representation. Equation (|2~5f) can be represented as follows: 

J2t a y R = w 2 w 1 z° + D^°. (26) 

The equation (pfj) gives 

y R = w 2 w 1 z R + D^jx, 
with some functions z R and j^, due to the standard arguments. Hence, we obtain 

y = y + w 2 w 1 z + D^f 
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with some functions z and j 71 . Thus, we can take Y = J dxy® as Y. In general case, Y is 
invariant up to a G transformation. Obviously, the generators of the Sp(2) transforma- 
tions obey the conditions ©, (0), flU). 

Now let us discuss the problem of Lorentz invariance of the functional Y. The Lorentz 
transformation generators are: 

M, v = J dx ({x^ - x^)r s ^ + M^T^^j , 

where the Lorentz transformation matrix M? of the original fields tp l are known. The 
elements of the matrices for the remaining fields will be defined below. For simplicity, we 
consider classical action S((p) which does not depend explicitly on x^. Then all functions 
Sk, fn can be chosen independent of x (see section 2). On these functions the operators 
M^ u and are 



M^A = J dxm^a, = ^ M^'"^^ | Mi Ai-«* rS 



k=0 



^ k k j 



d{d Vl ... Vk T 



d 

EM' 



M (m vi...v k \nv -J. 1^1^ (k ~ 1)S v 1 ...^...v k \ ii vK j + 



i=l j=l 



1 k 
K i=l 

d = V <9 r 5 



hence [m^ u , D\] = A^^-Do-. The Lorentz invariance of the original action leads to m^Li = 
—Ml' L^. It is natural to define 

m »Ma = -Mll u ¥*, a , m^ipi = -Ml^ v . 

Next, we suppose that the gauge transformation generators are chosen by Lorentz covari- 
ant way ,i.e., 

m^Ri = M^Bi - 

where M°' are generators of a finite dimensional representation of the algebra o(3, 1) 
(gauge parameters transform according to this representation). We will suppose, that the 
Lorentz transformation of the fields C ab , B a , C* b | a , 5* a , C a b, B a has the following form 

m fiu{C ab , B a ) = M^ /flu (C a b , B a ), mfiu{Cub\ a , B^ a , C a b, B a ) = —M^^C*,^, B^, a , C a >b, B a >) 

(the fields C ab and B a Lorentz transform in the same way as the gauge transformation 
parameters) It is easy to check, that (and M^) define the algebra o(3, 1) and that 
the relation 

[w a , m^] = 

holds. Accordingly, the generators M^ and obey the conditions (|2Q|) , (pi]) , fl2~2"|). 
Therefore, the results of this Appendix allow us to choose y as a Lorentz scalar. 
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